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Abstract 

In the context of the Calabi-Yau string model we discuss the origin of char- 
acteristic pattern of quark-lepton masses and the CKM matrix. The discrete 
i?-symmetry Z2k+i x Z2 is introduced and the Z2 is assigned to the i?-parity. 
The gauge symmetry at the string scale is broken into the standard model 
gauge group at an intermediate energy scale. At energies below the intermedi- 
ate scale down-type quarks and also leptons are mixed with unobserved heavy 
states, respectively. On the other hand, there are no such mixings for up-type 
quarks. The large mixings between light states and heavy ones cause different 
mass pattern of leptons and down-type quarks from that of up-type quarks and 
yield a nontrivial CKM matrix for quarks but a trivial one for leptons. The 
mixing mechanism is illustrated using a two-generation toy model. 



1 Introduction 



The characteristic pattern of quark-lepton masses has long been a challenging 
problem to explain its origin. With the aim of solving this problem it is interesting 
to explore how Planck scale physics (superstring theory) determines low-energy pa- 
rameters in the effective theory. The observed masses of quarks and leptons have the 
hierarchical pattern 

(i) m(lst gen.) <^ m(2nd gen.) -C m(3rd gen.) 
and also the ratios are in line as 

(ii) rriu/md < mJiTis < mt/nih. 

Up to now several possibilities of explaining these features have been studied by 
many authors [0 [^. A possibility is that all the observed pattern of fermion 
masses are attributable to the boundary condition, i.e. to the hierarchical structure 
of Yukawa couplings themselves at a very large scale. However, when we take GUT- 
type models, it is difficult to find a satisfactory solution in which property (ii) comes 
into line with a simple unification of Yukawa couplings. In this paper we explore 
a somewhat distinct possibility and propose a new type of model which potentially 
generates the characteristic pattern of fermion masses and the Cabibbo-Kobayashi- 
Maskawa(CKM) matrix. In the model property (i) is attributed to the texture of 
renormalizable and nonrenormalizable interactions restricted by discrete symmetries 
at the string scale. This mechanism is similar to that proposed in Ref. On the 
other hand, property (ii) comes from large mixings among states observed at low 
energies and unobserved heavy ones. The mixings occur only for down-type quarks 
and for leptons below the energy scale at which the gauge group is broken into the 
standard model gauge group Gst = SU{3)c x SU{2)l x U{1)y- Our study is made in 
the context of Calabi-Yau string model with Kac-Moody level-one. 
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In the four- dimensional effective theory from Calabi-Yau string compactification 
there are many pecuhar features beyond the minimal supersymmetric standard model 
(MSSM). First point is that the gauge group G, which is given via the flux breaking 
at the string scale, would be larger than the standard model gauge group Gst- As 
a simple example we will choose G = SU{6) x SU{2)ji, under which doublet Higgs 
and color-triplet Higgs fields transform differently . As we will see later, the gauge 
group G is spontaneously broken to Ggt in two steps at intermediate energy scales. 
Second point is that the massless sector of the Calabi-Yau string model contains 
particles beyond the ones in the MSSM. In string inspired models we typically have 
a number of generations and anti-generations. For illustration, if the gauge group G 
is Eq, the massless chiral superfields apart from i^g-singlets consist of 

Nf 27 + 5(27+27*), (1) 

where Nf means the family number at low energies. It should be noted that 6 sets 
of vector-like multiplets are included in the massless sector. We will assume 6 = 1 
for simplicity. In addition, particles beyond the MSSM are contained also in 27- 
representation of Eq. Namely in 27 we have quark superfields Q = {U,D), W^, V^, 
lepton superfields L = {N, E), N'^, E'^, Higgs doublets H^, H^, color-triplet Higgses g, 
and an 5'O(10)-singlet S. When the gauge group G is broken into Gst, superfields 
D'^ and g'^ {L and Hd) are indistinguishable from each other under Gst- Hence there 
possibly appear mixings between D'^ and g'^ and between L and Hd- On the other 
hand, for up-type quarks there appear no such mixings. Even if up-type, down-type 
quarks and leptons share their interactions in common at Ms, D'^-g^ mixing and L- 
H(i mixing potentially cause different mass pattern of down-type quarks and leptons 
from that of up-type quarks. Further the mixings may be responsible for the CKM 
matrix. Third point of peculiar features beyond the MSSM is that superstring theory 
naturally provides the discrete symmetries which stem from symmetric structure of 
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the compactified space. As shown in Gepner model 0, the discrete symmetry can 
be the /2-symmetry under which the components of a given superfield transform 
differently. Also, the discrete symmetry could be used as a horizontal symmetry. 
The discrete i?-symmetry strongly limits the renormalizable and nonrenormalizable 
interactions and then possibly controls parameters in the low-energy effective theory. 
Recently it has been argued that the discrete i?-symmetry controls energy scales of 
the symmetry breaking |0, the magnitude of Majorana masses of the right-handed 
neutrino ^ and the stability of the weak-scale hierarchy 0. We will introduce the 
discrete i?-symmetry Z2k+i x ^2 at the string scale. 

In this paper we explore how both of the mixing mechanism mentioned above 
and the discrete symmetry generate the fermion mass pattern and the CKM matrix. 
This paper is organized as follows. In section 2 we introduce the discrete i?-symmetry, 
which puts stringent constraints on interactions in the superpotential. The Z2 sym- 
metry is chosen so as to be in accord with the so-called i?-parity in the MSSM. We 
assume that i?-parity is conserved over the whole energy range from the string scale 
to the electroweak scale. After arguing that the discrete i?-symmetry controls en- 
ergy scales of the gauge symmetry breaking, we study particle spectra of vector-like 
multiplets in section 3. Since doublet Higgses and color-triplet Higgses belong to the 
different representations of the gauge group G = SU{6) x SU{2)ji, we can find solu- 
tions in which color-triplet Higgs mediating the proton decay are sufficiently heavy 
while keeping a set of Higgs doublets light without some fine-tuning of parameters. In 
section 4 mass matrices for chiral multiplets are presented. By using the perturbative 
method mass eigen-equations are derived. Mixings between D'^ and are also dis- 
cussed. Choosing appropriate assignments of discrete charges, we get large mixings 
between them. Due to this mixing the mass pattern of down-type quarks is possibly 
changed from that of up-type quarks. The model potentially generates not only the 
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hierarchical pattern of quark masses but also the texture of the CKM matrix. In 
section 5 we discuss mixings between L and Hd and study spectra of leptons. The 
CKM matrix for leptons turns out to be a unit matrix. To illustrate the general 
features of the mixing mechanism, we exhibit a two-generation toy model in section 
6. In the final section we conclude with a brief summary of our results. 

2 Discrete i?-symmetry 

In order to guarantee the stability of the weak-scale hierarchy without fine- 
tuning, it is favorable that doublet Higgses and color-triplet Higgses reside in different 
irreducible representations of the gauge group G derived via the flux breaking at 
the string scale. As the largest gauge group implementing such a situation is G = 
SU (6) X SU (2) R , we choose SU (6) x SU (2) ^ as an example of G in this paper. Main 
points obtained remain available also in the other cases of G under which doublet 
Higgses and color-triplet Higgses transform differently. Chiral superfields ($) in 27 
representation of Eq are decomposed into 

$(15,1) : Q,L,^7,/,^, 

$(6*, 2) : U',D',N',E'',H^,Hd. 

Although L and Hd {D^ and g'^) have the same quantum numbers under G^t, L and 
Hd {D'^ and g^) belong to different irreducible representations of SU{Q) x SU{2)ji. 
The superpotential W is described in terms of 27 chiral superfields ($) and 27* ones 
($) as 

W = + + + . . . , (2) 

where m and n are positive integers and all the terms are characterized by the cou- 
plings of 0(1) in Ms = O(lO^^GeV) units. The cubic term $^ is of the forms 

($(15,1))3 = QQg + Qg'L + g'gS, (3) 
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$(15,l)($(6*,2)f = QHdD'' + QH^U" + LHdE'' + LH^N^ 

+SH^Hd + gN^D^ + gE^U"^ + g'U'D'. (4) 

We assume that the massless matter fields are composed of chiral muhiplets 
{i = l,---,Nf) and a set {6 = 1) of vector-Hke multiplets <l>o and In Calabi- 
Yau string compactification the generation structure of matter fields is closely linked 
to the topological structure of the compactified manifold. Here we introduce the 
discrete i?-symmetry Z2k+i x Z2. As we will see below, setting k > 6 is suitable 
for explaining the mass pattern of quarks and leptons. The Z2 symmetry is taken 
so as to be in accord with the it!-parity in the MSSM. Therefore, hereafter the Z2 
symmetry is referred to as i?-parity. It is assumed that the i?-parity is conserved 
over the whole energy range from the string scale to the electroweak scale. Supposing 
that ordinary quarks and leptons are included in chiral multiplets {i — 1, ■ ■ ■ , Nf), 
i?-parity of all $j {i — 1, • • • , Nf) are set to be odd. The assumption of i?-parity 
conservation implies that none of the chiral multiplets $i (i = 1, - ■ ■ ,Nf) develop 
their vacuum expectation values (VEVs). Since light Higgs scalars are even under 
it!-parity, fight Higgs doublets are bound to reside in $0 and/or The £>-fiatness 
condition and ii!-parity conservation at large energy scales require even i?-parity for 
$0 and $ as shown in the next section. Hence, through the spontaneous breaking of 
gauge symmetry gauge superfields are possibly mixed with the vector-like multiplets 
$0 and $ but not with the chiral multiplets $i {i — l,---,Nf). Furthermore, no 
mixing occurs between the vector-like multiplets and the chiral multiplets. 

We use the Z2k+i symmetry as a horizontal symmetry. The Z2k+i symmetry 
controls not only a large hierarchy of the energy scales of the symmetry breaking 
but also a hierarchy of effective coupfings. We denote the Z2fc+i-charges of chiral 
multiplets $,(15,1) and $j(6*,2) by a, and 6, (i = 0, 1, • • • , A^/), respectively. In 
Table I, we tabulate the notations for Z2fe+i-charges and the assignment of i?-parity 
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for each superfield. Note that the anticommuting number 6 has also a ^2fc+i x Z2- 
charge (—1, — ). 



Table I 



3 Spectra of vector-like multiplets 

The discrete symmetry introduced above puts stringent constraints on both re- 
normahzable and nonrenormahzable interactions in the superpotentiaL To begin 
with, Z2fc+i-charges of vector-hke multiplets are chosen such that both the nonrenor- 
mahzable interactions 

{SoW (($o(15,l)$(15M))^^') (5) 

and 

{N^Ny (($o(r,2)$(6,2))2) (6) 

are allowed [§]. This implies that 2k{aQ + a) + 2 = 2(6o + &) + 2 = in modulus 
{2k + 1). Thus we set 

ao + a = 2, 60 + ^= -1 mod(2A; + l). (7) 

In this case the interaction {SoS)''{NqN'^) turns out to be allowed. In contrast 
with this, -R-parity conservation forbids all of the interactions {SoS)''{N^N'^) (i = 
1, ■ ■ ■ ,Nf). Incorporating the soft supersymmetry (SUSY) breaking terms together 
with the F- and D-terms, we get the scalar potential. The scale of SUSY breaking 
7713/2 is supposed to be O(lTeV). Through the minimization of the scalar potential 
we are able to detemine a ground state, which is characterized by VEVs of $0) ^ 
and $j (i = 1, ■ ■ ■ , Nf). We do not address this issue here. Instead we assume that 
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the scalar potential is minimized along the direction where all chiral multiplets 
{i = 1, ■ ■ ■ ,Nf) with odd i?-parity have vanishing VEVs. As a result, under some 
conditions on soft SUSY breaking parameters the minimization of the scalar potential 
yields i 

(So) = (S) ~ Msx, (8) 
{N^) = {W) Msx", (9) 

up to phase factors, where 

Although for a large k the parameter x by itself is not a very small number, the large 
hierarchy occurs by raising the number to large powers. Hence, x becomes an efficient 
parameter in describing the hierarchical structure of the effective theory. Further we 
have the inequalities 

Ms > (So) » (N^) » ^m,/2Ms. (11) 

Since Sq, S, Nq and A^'^ acquire VEVs along a D-Hat direction, \{So)\ = \{S)\ and 
|(A"q)| = KA^'^)!, SUSY is maintained down to O(lTeV). The gauge symmetry is 
spontaneously broken in two steps at the scales {Sq) and (A'q) as 

SU{6)xSU{2)r ^ SU{4)psxSU{2)lxSU{2)r (12) 
^ SU{3),xSU{2)lxU{1)y, (13) 



where SU{A)ps stands for the Pati-Salam SU{A) 0. 

At the first step of the symmetry breaking chiral superfields Qo, Lq, Q, L and 
(5*0 — S)/\/2 are absorbed by gauge superfields. Through the subsequent symmetry 
breaking chiral superfields f/g, E^, U^, and (A'q — N^)/y/2 are absorbed. On the 
other hand, for components {Sq + S)/ \f2 and (AJ + A^*^) / \f2 the mass matrix is of 
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the form 

in Ms units. This yields mass eigen values 



(14) 



0(m3/2), 0(M5x2'=), (15) 

which correspond to the eigen states 

^(^o + :S) + 0(x'^-i)^(iVo^ + iV^), 



(16) 



KXN^,+N')+0{x>^-')MS, + S), 



respectively The discrete symmetry Z2k+i is broken together with SU (6) x Sf/ 
by (So), while there remains an unbroken Z2-symmetry referred to -R-parity conser- 
vation. 

In order to stabilize the weak-scale hierarchy we put an additional requirement 
that the interaction 

{SoSY^^^SoHuoHdQ (17) 
is allowed in the superpotential. This condition translates into 

2hQ = a mod(2fc+l). (18) 

From Eqs.(|^) and (|1^) the trilinear coupling S HuH^ becomes to be allowed. There- 
fore, the superpotential of Higgs doublet in vector-like multiplets has the form 

Wh ~ ^HuHd + {SoS)\HuoHu + HdoHd) + {SoW'~'SoHuoHdo. (19) 

When So and S develop the non-zero VEVs, the superpotential induces the mass 
matrix of Huo, Hdo, and 

Hu Hdo 

Hd ( 0{x) 0{x^^) \ (20) 



in Ms units, which leads to the mass eigen values 

0{Msx), 0{Msx^^-^) = 0{m^/2x). (21) 

Namely we have the /x-term with ^ = 0(1713/2 x) = O(10^~'^GeV) Light Higgs 

states are given by 

H^o + O{x''-')H,, H,o + 0{x^''~')Hu. (22) 

The components of Hd and Hu in light Higgses are extremely small because = 
MsY^"^ = O(10~®). Note that the product HuoH^o has a nonzero Z2fc+i-charge. 



In contrast with the present model, in a solution of the /x-problem proposed in Ref . |TT 
the i?-charge of the product of light Higgses has to be zero. 

The remaining components in $0 and $, i.e. qq, Qq, Dq and 'g, 'g'^, are down- 
type color-triplet fields. In the present model the spectra of color-triplet Higgses are 
quite different from those of doublet Higgses. In general down-type colored fields 
potentially mediate proton decay. However, since chiral multiplets $4 (i = 1, ■ ■ ■ , Nf) 
which contain ordinary quarks and leptons have odd i?-parity, lepto-quark chiral 
superfields mediating proton decay should be even under i?-parity. Such superfields 
are limited to go, g^ and Dq in $o- If "we put 

3ao = -2-2q mod {2k + 1) (23) 



with < g ^ A;, then the interaction {SoS)'^SogogQ is allowed. From Eqs.(^, (|T^) and 
(p3D we can summarize as 

3ao = -2-2g, a_= 2 - ao, 
bo = 2 + ao + q, b = -3 - ao - q mod {2k + 1). ^ ^ 

Hence, under the discrete /^-symmetry the superpotential of down-type colored fields 
is 

W, ~ {SoSySogog'o + iSoW~'"'(S9r + N^SD^,r) 
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+{SoSy'^-\go9 + g'or + Q^KDl) + gN^D" 

+{SoSfDlD'' + {SoSy+^SoN'g^^". (25) 

When 5*0, S, Nq and A^'^ develop non-zero VEVs, the superpotential induces the mass 
matrix 

fo 9 D^o 



90 
T 



( 0(x29+i) 0{x^^-^) \ ^26) 

in Ms units. This leads to mass eigen values 

0(Msa;2'^+i), 0{Msx^), 0(m3/2 a;'^"^"^")- (27) 

The eigen state associated with a mass of 0{Msx^'^'^^) consists mainly of go and g^. 
On the other hand, the lightest states consists mainly of 'g'^ and Dq. When k — 5> 2q, 
the lightest eigen value is smaller than 7713/2. Since there is no experimental evidence 
for extra colored particles, we take k — 5 < 2q ^ 2k. It is worth noting that these 
down-type colored fermions are 5'[/(2)i,-singlet and odd under i?-parity. Due to 
i?-parity conservation this particle should be produced in pair or together with a 
superparticle. A question arises as to whether or not these colored particles bring 
about unacceptably large nucleon-decay rates. Although the detailed study of this 
issue will be presented in another paper, we add a few words here. If we assign 
appropriate discrete-charges to chiral multiplets $i, both the dimension- five and -six 
operators mediating proton decay are suppressed enough to avoid fast proton decay. 

4 Quark masses and the CKM matrix 

Next we turn to mass matrices for chiral multiplets $j {i — 1, - ■ ■ ,Nf). Due to 
it!-parity conservation $j (i = 1, • • • , iV/) are not mixed with vector- like multiplets 
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$0 and $. The superpotential of up-type quarks is given by 

Wjj ~ {S.Sr^^Q.U'^H^o J = 1, ■ ■ ■ , iV/), (28) 

where the exponents mij are integers in the range < mij < 2k + 1. Recall that light 
Higgs doublets are almost H^q and if^o- Under the Z2fc+i-symmetry the exponent 
rriij is determined by the condition 

2mij + bo + ai + bj + 2 = mod(2A; + l). (29) 

Instead of and 6j = 1, ■ ■ ■ , A^/), if we use new parameters q and di defined by 

Q = ao - Oi, di = ao- h, (30) 

then the above condition is rewritten as 

2mij = q-2 + Ci + dj mod(2A; + l). (31) 

The mass matrix of up-type quarks is described by an Nf x Nf matrix M with 
elements 

= O(x2'"'0 (32) 

multiplied by f„ = (Huo)- From Eq.(plD the matrix M is generally asymmetric. 
When we adopt appropriate unitary matrices V„ and Uu, the matrix 

V-'MUu (33) 

becomes diagonal. 

Under SU{6) x SU{2)ii gauge symmetry down-type quarks and leptons share the 
nonrenormalizable terms in common with up-type quarks. Namely we get 

W ~ {SoSrHQ^D'H,o + UmH^^ + UEm,^}. (34) 
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For down-type quarks, however, the mixings between g'^ and D'^ should be taken into 
account at energies below the scale (A^^q). In fact, the superpotential of down-type 
colored fields is of the form 

Wd ~ {SoW Sogig^ + (5o5)"^- {N^g, + HdoQi)D% (35) 

where the exponents determined by 

2zij = 2q + Ci + Cj mod {2k + 1) (36) 

in the range < Zij < 2k + 1. When the gauge group G is smaller than SU{6) x 
SU{2)r, up-type quarks, down-type quarks and leptons do not always share the 
nonrenormalizable terms in common. The present choice of G makes the model 
transparent. In terms of an Nf x Nf matrix Z with elements 

Z,, = 0(x2--), (37) 

a mass matrix of down-type colored fields is written as 

g" D" 

xZ x^M 
D \ pdM 



— g ( xZ x'^M \ 



in Ms units below the scale (A^^q), where pd = {Hdo)/Ms = Vd/Ms- This Md is a 
2Nj X 2Nf matrix and can be diagonalized by a bi-unitary transformation as 

Vd^MdUd. (39) 

An explicit form of Md shows mixings between g'^ and W^. This type of mixings does 



not occur for up-type quarks. From Eqs. (^) and (|39D the matrix 



r/MdMlVa = Vd'[\'^l^' fj^ ]vd, (40) 
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is diagonal, where 



Ad = x^ZZ\ 



Bd = X- 



PdX 



-k 



(41) 



In view of the smaUness of the parameter e = 0(10^^^), we use the perturbative 
method in solving the eigenvalue problem. It follows that the eigen equation is 
approximately separated into two pieces. For heavy states the eigen equation becomes 



Solving this equation of a variable 77, we obtain masses squared for Nf heavy states. 
The other Nj states are light and their masses squared are given by solving the eigen 
equation 



This equation is derived in order of the perturbative expansion. The light states 
correspond to observed down-type quarks. If the mixing between g*^ and is sizable, 
mass pattern of down- type quarks is possibly changed from that of up- type quarks. 
Thus in our model, property (ii) of observed fermion masses is attributable to this 
mixing mechanism. 

The 2Nf X 2Nf unitary matrices and Ud are 




(42) 



det X 




(43) 




(44) 



(45) 



respectively. Here and Vd are Nf x Nf unitary matrices which are determined 



such that the matrices 



W2\Ad + Bd)Wd = , V^\A-,' + B-,'r'Vd = Af 



(46) 



become diagonal. As a consequence we have a nontrivial CKM matrix 



yCKM 




(47) 
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Note that Vu is determined such that V„ ^BdVu is diagonal. In the case when the 
relation 

I det(.4d + 5d) I ~ I det > I det Bd\ (48) 
is satisfied, the mixing is small and we have 

+ BJ')-' ^ Ba. (49) 

This implies that mass pattern of down-type quarks is the same as that of up-type 
quarks and that Vd — V„. Therefore, in this case V*^^^ becomes almost a unity 
matrix. To get a phenomenologically viable solution, large mixings between g'^ and 
D*^ are preferable. A concrete example is exhibited in section 6. 

5 Spectra of leptons 

Let us now study the mass matrices for lepton sector, in which L-H^ mixing 
occurs at energies below the scale (A^o)- mentioned in section 2, H^i and H^i {i — 
1, ■ ■ ■ , Nf) in chiral multiplets do not develop their VEVs. It follows that there exist 
no mixings among SU{2)l x U{\)y gauge superfields, H^i and H^i {i = l,---,Nf). 
Since both L and Hd are SU (2) ^-doublets, the CKM matrix for lepton sector becomes 
a unit matrix irrespective of the magnitude of L-Hd mixing. For charged leptons the 
super potential is 

We ~ iSoS)^-SoHdiH^j + {SoSr-mN^H^j + HdoE]), (50) 

where the exponents hij are integers in the range < hij < 2k + 1 and satisfy 

2hij = 2q + di + dj mod {2k + 1). (51) 

As before, we introduce an Nf x Nf matrix H with elements 

Hij = 0{x'^''^^). (52) 
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The mass matrix for charged leptons has the form 

^ ^ HJ ( xH ^ 

' L- \ x^M pdM . 



(53) 



in Ms units. This Mi is also a 2Nf x 2Nf matrix and can be diagonahzed by a 
bi-unitary transformation as 

Vr^MM. (54) 

From Eqs. ([53|) and ( |5^ the matrix 

W-M/M.W.=Wr^(^'+f' (55) 

is diagonal, where 

Ai = x'^H^H, Bi = x'^'^M^M. (56) 

The analysis is parallel to that of down-type quark masses in the previous section. 
We have the eigen equation 



det^A, + i?,-^) = (57) 



for heavy states. For Nf light states their masses squared are given by the eigen 
equation 

det (^x-^'^iAY^ + BfY^ - = 0. (58) 

The light states correspond to observed charged leptons. Due to L-Hd mixings mass 
pattern of charged leptons could be changed from that of up-type quarks. Introducing 
appropriate unitary matrices and Vi, we can diagonalize {Ai + Bi) and {Aj^ + 

Wr\Ai + B{)Wi = aP, Vr\Ai' + Bf'r'Vi = Ap\ (59) 
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where A;^^ and A^^^'' are diagonal Nf x Nf matrices. Masses of charged leptons are 
written as 



m,. 



(.-Af))^ 



(60) 



Ui 



(61) 
(62) 



Exphcit forms of Vi and Ui are 

xHWi (A;°Vi/2 _(a;i/t)-iv, (ApV/2 \ 

x^MWiihf^)-^'^ (a;^Mt)-iVz (ApV/2 J' 

-e(A + 5/)''AV; A 
^eBi{Ai + Bi)-^Wi Vi )■ 

We now proceed to study mass pattern of neutral leptons. For neutral fields the 

superpotential is of the form 



+{SoSy^SiS){SjS) + {SoSf^{SiS){N^N'' 
+{SoSp'{N^N^){N^N''), 

where the exponents Sij, Uj and nij are determined by 

2sij = 2zij — 2q — 6, 
2tij = 2mij + 1, mod {2k + 1) 



(63) 



2nij = 2hij + 4 



(64) 



in the range < Sjj, tij, nij < 2k + 1. Introducing Nf x Nf matrices 5", T and with 
elements 



5,,- = 0(a;^^-), T,, 



O(a;'"'0, 



(65) 



we have a 5A^/ x 5A^/ mass matrix 



M: 



N 



H?. / xH x^M'^ 
xH 

x''M 

p„Af^ 
\^ 



S 



S 




PuM 
x^'^N x'^+^T^ 



(66) 
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in Ms units for neutral sector. Since SU{2)l symmetry is preserved above the elec- 
troweak scale, the eigen equation for 2Nf heavy states is the same as Eq.(0). For 
another 2Nf states which are Gsriieutral we have the eigen equation 

a. 

where M^vg is a submatrix of M^v defined by 



det M^5-^)=0, (67) 



Right-handed neutrinos with Majorana masses are contained in the latter 2Nf states. 
For light neutrinos there appears the same Dirac mass matrix as that for charged 
leptons. When we have large Majorana masses of right-handed neutrinos, through 



seesaw mechanism light neutrino masses are given by 



^^^ = l^A-)\^r'^NV).. (69) 

with 

An = {N- T^S-^Ty\ (70) 

6 A two-generation toy model 

In this section we take up a two-generation case {Nf = 2) as a simple example 
to illustrate general features of the mixing mechanism. A two-generation toy model 
will provide a guide to constructing a phenomenologically viable model. We choose 
Z23 X Z2 {k = 11) as a discrete i?-symmetry. By substituting k = 11, 1713/2 = ITeV 
and Ms = 10^'^GeV for Eq.(|lO|), the parameter x becomes 

X - 10"°-^^ ~ — . (71) 
2.3 ^ ^ 

Hence, the energy scales of symmetry breaking are 

(So) ~ lO^^-^GeV, (72) 
(A^o") - 10^^°GeV. (73) 
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In the case g = 9 the Z23-charges of vector-hke muhiplets are settled from Eq. ( pi] ) as 
ao = l, a = l, bo = 12, 6 = 10 mod 23. (74) 
For chiral multiplets $i and $2, for instance, we choose 

ci =4, C2 = 2, di = 5, d2 = 22, (75) 

i.e., 

ai = 20, a2 = 22, bi = 19, 62 = 2 (76) 
in modulus 23. Under this assignment the matrices Z, M and H are given by 

^ - A- f ^l^;) ^(^) 1 , (77) 



0(A) 0(1) 

_ 4/0(A^) 0(A) \ 

M - A 0(A3) 0(1) j ' 

_ x8 / 0(A«) 0(A3) \ 

^ - A I ^^^3^ ^^^^ ), (79) 



where 



\ = x'^ r^l. (80) 
5 



The unitary matrix Vu which diagonalizes MM^ = x ^^-B^, is of the form 

1, 0(A) 1-0(A2) ) ■ ^^^^ 

As a result we obtain 

V,'MMtK^(«(f) (82) 
This means that masses of up-type quarks are 

rriui = Vu 0{X^), mu2 = Vu O(A^), (83) 
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which correspond to it-quark and c-quark, respectively. As mentioned in section 4, 
masses of down-type quarks are determined by the eigen values of + 
Incidentally, we have a relation 

+ B-'Y' = ^^^^^^ {A (det B) + B (dct A)) (84) 

for non-singular 2x2 matrices A and B. It is efficient to apply this relation to the 
present case. A simple calculation yields 

det(a;-'Md) = x^-^^\ det Z\^ = 0(A2^), (85) 
det{x-^''Bd) = I det Mj^ = ^(A^^), (86) 
<iei{x--'\Aa + Ba))^0{\^^). (87) 

It follows that 

x-^k^A^i ^^^lyi ^ 0{\^)x-^''Ad + 0{\^)x-^^Ba 

( 0(Ai6) 0(Ai5) \ 
~ i 0(Ai5) 0(Ai4) ] • 



(89) 



In addition we get 

det {x-'\A2^ + B2'V) = 0{\''). (90) 

This implies that two eigen values x'"^^ {A'^^ -\- B'^'^)''' are 0(A^^) and 0(A^'^). Thus 
masses of down-type quarks are 

mdi^VdO{\''), md2^VdO{\'), (91) 

which correspond to (i-quark and s-quark, respectively. It is worth emphasizing that 
mass pattern of down-type quarks is changed from that of up-type quarks through 
g'^-D^ mixing mechanism. Further the unitary matrix Vd which diagonalizes {A'^^ -\- 
Bj^)~^, is expressed as 

^_(1-0{X') 0(A) \ 

- [ 0(A) 1 - 0(A2) ) ■ (^2) 

20 



Although corresponding elements of the matrices Vu and Vd are in the same order of 
A, the coefficients of A in off-diagonal elements of V„ and Vd are generally different 
from each other. Hence we obtain a nontrivial CKM matrix 




Consequently, the parameter A = ~ 1/5 corresponds to sin 6'c, where 9c is the 
Cabibbo angle. 

For lepton sector a similar calculation is carried out. Under the present assignment 
of Z23-charges we get 

(^-^ + Bf')-^ ~ 0{X^)Ai + 0{X'')Bi. (94) 
It follows that masses of charged leptons are 

ma = VdO{X'), mi2 = VdOiX'). (95) 
In this example of two-generation cases neutrino Majorana masses are too small. 

7 Summary 

In the context of Calabi-Yau string model with Kac-Moody level-one we have 
shown a possibihty that characteristic pattern of quark-lepton masses and the CKM 
matrix have their origin in the discrete i?-symmetry and mixing mechanism. In this 
paper we have chosen Z2k+i x Z2 symmetry as an example of the discrete it!-symmetry. 
The Z2-symmetry is assumed so as to be in accord with the i?-parity in the MSSM and 
to be unbroken at scales larger than the electroweak scale. The vector-like multiplets 
$0, ^ and the chiral multiplets $i {i = 1, - ■ ■ ,Nf) are assigned to even and odd im- 
parity, respectively. Under this assignment no mixing occurs between the vector-like 
multiplets and the chiral multiplets. The it!-parity conservation plays an important 
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role in constructing a phenomenologically viable model. The Z2k+i symmetry is used 
as a horizontal symmetry. The Z2k+i symmetry controls a large hierarchy of the 
energy scales of the symmetry breaking and particle spectra. The assignment of 
-^2it+i-charges to chiral multiplets is of great importance in explaining the observed 
hierarchical pattern of quark-lepton masses. The mass hierarchy of up-type quarks is 
a direct result of the horizontal discrete symmetry. On the other hand, for down-type 
quarks there appears a mixing between D'^ and g'^. Due to this mixing mass pattern 
of down-type quarks is possibly different from that of up-type quarks. Further we 
obtain a nontrivial CKM matrix. For lepton sector L-Hd mixing occurs. Hence, 
mass pattern of charged leptons also could be changed from that of up-type quarks. 
However, the CKM matrix for lepton sector amounts to a unit matrix irrespectively of 
the magnitude of L-Hd mixing. This is because both L and Hd are SU (2) ^-doublets. 
Further, seesaw mechanism could be at work for neutrinos. 

To illustrate general features of the model we have exhibited an example in two- 
generation case. In order to render the model phenemenologically viable we need 
to study three-generation cases. In this paper we have presented the basic idea of 
explaining hierarchical pattern of quark-lepton masses and the CKM matrix. A search 
for a viable model with three generations will be done in another paper. Furthermore, 
several problems remain to be solved. As mentioned above, we have assumed the im- 
parity conservation. However, a question arises as to why the Z2-symmetry associated 
with the i?-parity remains unbroken down to the electroweak scale. To this end, 
we need to study the minimization of the scalar potential in detail. So as to be 
consistent with the proton stability, it is required that lepto-quark chiral superfields 
are heavy and that products of effective Yukawa couplings which take part in the 
proton decay are sufficiently small. Through the detailed study of three-generation 
cases we anticipate finding solutions in which nucleon-decay rates are acceptably 
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suppressed. In addition, in this paper we have chosen SU{6) x SU{2)r as a gauge 
group to be specific. In the hght of the choice of G we have to explore whether or not 
the unification of gauge couplings occurs around the string scale. Unsolved problems 
associated with these subjects will be studied elsewhere. 
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Table I 





$ $0 


$1 $2 ••• ^Nf 


(15,1) 
(6*, 2) 


(a, +) (ao, +) 
(b,+) (bo,+) 


(ai,-) (02,-) ••• (oiVj,,-) 
(&i,-) (^2,-) ••• (fciv,,-) 



Table Caption 



Table I The numbers and bi {i — 0,1, ■ ■ ■ , Nf) in the parentheses represent 
the Z2jfc+i-charges of chiral superfields $(15,1) and $(6*, 2), respectively, a and 
b stand for those of mirror chiral superfields $(15*, 1) and $(6,2), respectively. 
Respective Z2-charges (i?-parity) of the superfields are also listed. 
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